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Abstract
In view of its importance for the study of idempotents in group rings, a certain class C of
groups, de2ned by means of a cohomological condition, was introduced by Emmanouil (Invent.
Math. 132 (1998) 307–330). In the present paper, we establish the limitation of that class
by constructing explicit examples of groups that do not satisfy that cohomological condition.
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0. Introduction
The classical result of Kaplansky on the values of the trace of idempotents in
group rings [9] reveals the importance of the Hattori–Stallings rank in the study of
these idempotents. Connes constructed in [4] liftings of the Hattori–Stallings rank to
the higher even cyclic homology of the group ring, while Burghelea [3] showed that
the cyclic homology of the group ring is closely related to the homology of the group.
This circle of ideas leads to the introduction of homological techniques in the study
of idempotents. While examining Bass’ conjecture on the values of the trace of idem-
potent matrices with coe@cients in group rings [1], Eckmann studied in [5] those
groups for which the relevant components of the cyclic homology of the corresponding
group algebra vanish in su@ciently large degrees. Generalizing Eckmann’s approach,
we considered in [6] the nilpotence of the periodicity operator in cyclic homology
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and showed that the resulting class C of groups is closed under many group theoretic
operations.
More precisely, the class C consists of those groups G that satisfy the following
condition: Any central extension of the form
1→ Z→ C → N → 1;
where C is a subgroup of G, de2nes an element  ∈ H 2(N;Z) whose image Q in
H 2(N;Q) is nilpotent in the cohomology ring H•(N;Q)=
⊕
n H
n(N;Q). It is proved in
[6] that groups which are residually contained in C satisfy Bass’ conjecture. Further-
more, if C′ denotes the class of torsion-free groups in C, then a group which is
residually in C′ satis2es the idempotent conjecture, i.e. the corresponding complex
group algebra has no idempotents other than 0 and 1. One can obtain many examples
of groups that are contained in C, using the following properties:
(i) C contains all 2nite and all abelian groups,
(ii) C is closed under subgroups, free products and 2nite direct products and
(iii) if N is a normal subgroup of a group G such that N;G=N ∈ C and G=N has 2nite
homological dimension over Q, then G ∈ C.
The main purpose of the present paper is to show that the above homological
approach to the various idempotent conjectures has some limitations, by exhibiting
examples of groups that are not contained (residually) in C. First of all, we show that
there are 2nitely generated solvable groups which are not contained in C. Since abelian
groups are contained in C, it follows that, in general, an extension of groups in C may
fail to be contained in C. We also show that the class RC of groups which are resid-
ually contained in C is strictly larger than C itself and hence C is not closed under
in2nite direct products. The class RC enjoys similar closure properties as C does, but
is not closed under extensions either. In fact, we construct a 2nitely generated group
which is an extension of groups in C but is not contained in RC.
Terminology. In the sequel, the cohomology H•(G; k) =
⊕
n H
n(G; k) of a group
G with trivial coe@cients in a commutative ring k will always be considered as a
ring, with multiplication given by cup product (see, for example, [2, Chapter V]). An
element  ∈ H•(G;Z) will be said to be rationally nilpotent if its image Q ∈ H•(G;Q)
is nilpotent. Finally, if A;B are two classes of groups then an extension of a group
in A by one in B is a group G that has a normal subgroup N ∈ B, such that the
corresponding quotient G=N is contained in A.
1. Group extensions and cohomology
We begin this section by reviewing the description of the functorial properties of
H 2 in terms of group extensions; the reader can 2nd the relevant details in [2, Chapter
IV]. We also state some immediate consequences of that description that will be used
in subsequent sections.
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Let G be a group and M a G-module; then, the cohomology group H 2(G;M) clas-
si2es the (equivalence classes of) group extensions of G by M . Let  ∈ H 2(G;M)
correspond to the extension
1→ M → T → G → 1: (1)
Functoriality in the 4rst variable: Let G′ be another group and ’ :G′ → G a group
homomorphism. Then, the cohomology class corresponding to the pullback of (1) along
’ is the image ’∗ of  under the map
’∗ : H 2(G;M)→ H 2(G′; M):
Functoriality in the second variable: Let M ′ be another G-module and f : M → M ′
a G-linear map. Then, the cohomology class corresponding to the pushout of (1) along
f is the image f∗ of  under the map
f∗ : H 2(G;M)→ H 2(G;M ′):
The proof of the following lemma is straightforward.
Lemma 1.1. Consider a morphism of group extensions with abelian kernels
1 → M → T → G → 1;
f↓ ↓ ’↓
1 → M ′ → T ′ → G′ → 1:
If  ∈ H 2(G;M) and ′ ∈ H 2(G′; M ′) are the cohomology classes classifying these
extensions; then f∗= ’∗′ ∈ H 2(G;M ′).
Corollary 1.2. Consider a morphism of central extensions
1 → Z → T → G → 1;
↓ ↓ ↓
1 → Q → T ′ → G′ → 1;
where  : Z → Q is the inclusion map and  : G → G′ a surjective group homo-
morphism with torsion kernel. Let  ∈ H 2(G;Z) and ′ ∈ H 2(G′;Q) be the cor-
responding cohomology classes. Then;  is rationally nilpotent if and only if ′ is
nilpotent.
Proof. Since ker  is a torsion group, the Lyndon–Hochschild–Serre spectral sequence
associated with the extension
1→ ker  → G →G′ → 1
degenerates to an isomorphism
∗ : H•(G′;Q)→ H•(G;Q):
Since ∗ is compatible with cup products, it follows that ′ is nilpotent if and only
if the same is true for ∗′. The result follows, since ∗′ = ∗(=Q) by
Lemma 1.1.
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Remark 1.3. Let ’ :G′ → G be a group homomorphism and  ∈ H•(G;Z) a cohomo-
logy class which is rationally nilpotent. Since the map ’∗ induced by ’ in cohomology
commutes with cup products as well as with the extension of the ring of coe@cients,
the class ’∗ ∈ H•(G′;Z) is also rationally nilpotent. Indeed, ((’∗)Q)n=(’∗(Q))n=
’∗((Q)n) = 0 for n0.
2. A $nitely generated group with H 2 * nil H•
In this section, we give an example of a 2nitely generated metabelian group 
such that H 2(;Q) contains an element which is not nilpotent in the cohomology ring
H•(;Q).
To that end, we consider the free abelian group N =
⊕∞
i=−∞ Z · ei with basis
{ei: i ∈ Z} and the automorphism ’ ∈ Aut(N ), which is given by ’ei = ei+1; i ∈ Z.
We let  be the corresponding semi-direct product ( is the so-called wreath product
of Z by Z) and note that there is an exact sequence
1→ N →  → Z→ 1: (2)
The group  is easily seen to be 2nitely generated (in fact, it can be generated by two
elements).
Proposition 2.1. Let  be the 4nitely generated metabelian group de4ned above.
Then; the group H 2(;Q) contains an element which is not nilpotent in the cohomo-
logy ring H•(;Q).
Proof. The cohomology ring (with rational coe@cients) of the group Z is given by
H•(Z;Q) = H 0(Z;Q)⊕ H 1(Z;Q) =Q[0]⊕Q[1] = •Q(Q · f);
where f is a non-zero element in H 1. For all t ≥ 1, we consider the subgroup
Nt =
⊕t
i=−t Z · ei of N =
⊕∞
i=−∞ Z · ei and note that its cohomology ring is given by
H•(Nt;Q) =
t⊗
i=−t
H•(Z · ei;Q) =
t⊗
i=−t
•Q(Q · fi) = •Q
(
t⊕
i=−t
Q · fi
)
:
The inclusion Nt ,→ Nt+1 induces a ring homomorphism
res : H•(Nt+1;Q)→ H•(Nt;Q);
which is identi2ed with the map
•Q
(
t+1⊕
i=−t−1
Q · fi
)
→ •Q
(
t⊕
i=−t
Q · fi
)
induced by the canonical projection
⊕t+1
i=−t−1Q ·fi →
⊕t
i=−t Q ·fi. For any sequence
of integers I = (i1; : : : ; in), let us denote fi1 ∧ · · · ∧ fin by fI . If In (resp. Itn ) is the
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set consisting of those sequences I with i1¡ · · ·¡in (resp. −t ≤ i1¡ · · ·¡in ≤ t),
then the cohomology of N = lim→t Nt is given in degree n ≥ 0 by
Hn(N;Q) = lim←t H
n(Nt;Q) = lim←t 
n
Q
(
t⊕
i=−t
Q · fi
)
= lim←t

⊕
I∈Itn
Q · fI

=∏
I∈In
Q · fI :
In particular,
H 2(N;Q) =
∏
I∈I2
Q · fI =
∏
i¡j
Q · fi ∧ fj:
Let  ∈ H 2(N;Q) be given by  =∑∞i=−∞ fi ∧ fi+1. Then, n ∈ H 2n(N;Q) is the
formal sum consisting of terms of the form n! ·fi1 ∧fi1+1∧fi2 ∧fi2+1∧ · · ·∧fin ∧fin+1,
where i1 + 1¡i2; i2 + 1¡i3; : : : ; in−1 + 1¡in; in particular, n = 0 for all n ≥ 1.
We now consider the automorphism ’ of N and examine the induced automorphism
’∗ of H•(N;Q). If  =
∑
I∈In IfI is a typical element of H
n(N;Q), where I ∈ Q
for all I ∈ In, then ’∗ =
∑
I∈In IfI−1; here, given I = (i1; : : : ; in), we denote by
I − 1 the sequence (i1 − 1; : : : ; in − 1). In particular, ’∗ = . In order to explore the
’∗-invariance of , we consider the group extension (2) and note that the associated
Lyndon–Hochschild–Serre spectral sequence degenerates to a long exact sequence
· · · → Hn(;Q) res−−→Hn(N;Q) ’
∗−1−−−→Hn(N;Q)→ Hn+1(;Q)→ · · · :
In particular,
 ∈ ker (H 2(N;Q) ’
∗−1−−−→H 2(N;Q)) = im(H 2(;Q) res−−→H 2(N;Q))
and hence = res  for a suitable  ∈ H 2(;Q). Since res(n) = (res )n = n = 0, for
all n ≥ 1, we have n = 0, i.e.  is not nilpotent in the cohomology ring H•(;Q).
3. Class C, extensions and direct products
In the beginning of this section, we de2ne class C and state some of its properties.
Then, we construct an example of a 2nitely generated solvable group which is not
contained in C. As a 2rst consequence, it follows that C is not closed under extensions.
The group to be constructed will turn out to be residually contained in C; therefore,
C is not closed under in2nite direct products either.
Let G be a group, g ∈ G an element of in2nite order, CG(g) = {x ∈ G : xg= gx} its
centralizer and (g; G) ∈ H 2(CG(g)=〈g〉;Z) the cohomology class that corresponds to
the central extension
1→ Z g→CG(g)→ CG(g)=〈g〉 → 1:
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De$nition 3.1. The class C contains those groups G for which the following condition
is satis2ed: For any element of in2nite order g ∈ G the cohomology class (g; G)
de2ned above is rationally nilpotent. 1
The class RC contains those groups G which are residually contained in C, i.e. those
groups G for which the following condition is satis2ed: For any element g ∈ G \ {1}
there exists a normal subgroup N E G, such that g ∈ N and G=N ∈ C.
As mentioned in the introduction, the relevance of the above de2nition in the study
of idempotents in group rings stems from the existence of a pairing between these
idempotents and cyclic cohomology classes (cf. [4]), in view of the computation
of the cyclic cohomology of group algebras [3]. It was shown in [6] that groups
contained in RC satisfy Bass’ conjecture on the trace of idempotent matrices with
coe@cients in group rings [1]. Furthermore, if C′ denotes the class of torsion-free
groups in C then a group which is residually in C′ satis2es the idempotent conjec-
ture, i.e. the corresponding complex group algebra has no idempotents other than 0
and 1.
The following closure properties of C can be used in order to show that many groups
are contained therein:
(i) C contains all 2nite and all abelian groups,
(ii) C is closed under subgroups, 2 free products and 2nite direct products and
(iii) If N is a normal subgroup of a group G such that N;G=N ∈ C and G=N has 2nite
homological dimension over Q, then G ∈ C.
In particular, 2nitely generated abelian groups having 2nite homological dimension
over Q, it follows from (i) and (iii) that C contains all 2nitely generated metabelian
groups. We shall now construct an example of a 2nitely generated solvable group,
whose degree of solvability is 3, which is not contained in C.
To that end, let  be a 2nitely generated metabelian group for which there ex-
ists a class  ∈ H 2(;Q) which is not nilpotent in the cohomology ring H•(;Q)
(such a pair (; ) exists by Proposition 2.1). Assume that  classi2es the central
extension
1→ Q —→G →  → 1:
Then, G is, of course, a central extension of a metabelian group by a torsion-free
abelian group. We now choose elements g1; : : : ; gn ∈ G which map onto a set of gen-
erators !1; : : : ; !n of  and consider the subgroup H of G generated by g; g1; : : : ; gn,
where g= —(1).
1 Remark 1.3 implies that the de2nition of groups in class C given here is equivalent to the one given in
the introduction.
2 It follows that RC can be equivalently de2ned as the class consisting of those groups that can be embedded
into a direct product of groups in C.
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Proposition 3.2. Let H be the 4nitely generated group de4ned above. Then:
(i) H is a central extension of a metabelian group by a torsion-free abelian group
and
(ii) H ∈ C.
Proof. Being a subgroup of G; H is indeed a central extension of a metabelian group
by a torsion-free abelian group. In order to show that H ∈ C, we consider the inclusion
of H into G and the induced group homomorphism
 :H=〈g〉 → G=—(Q)  :
Since H · —(Q) = G;  is surjective, while ker  = (H ∩ —(Q))=〈g〉 is a torsion group
(being a subgroup of —(Q)=〈g〉  Q=Z). Therefore, the morphism of central extensions
1 → Z g→ H → H=〈g〉 → 1;
↓ ↓  ↓
1 → Q —→ G →  → 1
satis2es the hypotheses of Corollary 1.2. Since  is not nilpotent in the cohomology
ring H•(;Q), we conclude that the class (g; H) ∈ H 2(H=〈g〉;Z) that classi2es the
extension in the top row of the diagram above is not rationally nilpotent. Therefore,
H ∈ C.
Remark 3.3. As mentioned above, C is closed under those extensions whose cok-
ernel has 2nite homological dimension over Q. On the other hand, C contains all
abelian groups but not all solvable ones (Proposition 3.2). It follows that, in general, an
extension of groups in C may fail to be contained in C. 3
Lemma 3.4. An extension of a group in C by a torsion group is contained in C.
Proof. Indeed, let N be a normal subgroup of a group G and assume that N is torsion
and MG = G=N is contained in C. If g ∈ G is an element of in2nite order, then 〈g〉 ∩
N = {1} and hence its image Mg = gN in MG has in2nite order as well. The projection
map G → MG induces a diagram of extensions
1 → Z g→ CG(g) → CG(g)=〈g〉 → 1;
|| ↓ ↓
1 → Z Mg→ C MG( Mg) → C MG( Mg)=〈 Mg〉 → 1
and hence (g; G) is a pullback of ( Mg; MG). Since MG ∈ C; ( Mg; MG) is rationally nilpotent;
therefore, the same is true for (g; G) (Remark 1.3).
Corollary 3.5. A central extension of a group in C by a torsion-free abelian group
is contained in RC.
3 In fact, we shall later see (cf. Remark 4.5(i)) that an extension of groups in C may fail to be contained
in RC as well.
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Proof. Indeed, consider an extension
1→ N → G → G=N → 1;
where N is a torsion-free central subgroup of G and G=N ∈ C. If the abelian group
N is, in addition, divisible then it is a Q-vector space and hence N =
⊕
i Q · ei, for
suitable ei ∈ N . We then consider, for n ≥ 1, the extension
1→ N=(
⊕
i
nZ · ei)→ G=(
⊕
i
nZ · ei)→ G=N → 1:
Since N=(
⊕
i nZ · ei) is a torsion group, we may invoke Lemma 3.4 and conclude that
G=(
⊕
i nZ · ei) ∈ C. Finally, the embedding
G ,→
∏
n
G=(
⊕
i
nZ · ei)
shows that G is residually contained in C.
In the general case, we consider the natural map N → N ⊗ Q, which is injective
since N is torsion free, and the induced morphism of central extensions
1 → N → G → G=N → 1;
↓ % ↓ ||
1 → N ⊗Q → G′ → G=N → 1;
which de2nes the pair (G′; %). Then, % is injective, while the special case considered
above shows that G′ ∈ RC. Since C is closed under subgroups, it follows that G ∈ RC
as well.
Remark 3.6. Corollary 3.5 implies that the group H in Proposition 3.2 is contained
in RC. It follows that C is a proper subclass of RC. Equivalently, the class C being
closed under subgroups, this means that C is not closed under in2nite direct products.
Addendum 3.7. Consider a central extension
1→ N → G → G=N → 1:
As far as the idempotent and Bass’ conjectures are concerned, one can complement
Corollary 3:5 as follows:
(i) If G=N ∈ RC then G satis2es Bass’ conjecture.
(ii) If G is torsion free and G=N ∈ C then G satis2es the idempotent conjecture.
Let us begin by proving (i). If g ∈ G\{1} is an element where the Hattori–Stallings
rank of a 2nitely generated projective ZG-module takes a non-zero value, then [8,
Lemma 4:1] implies that for any prime p there exists u = u(p)¿ 0 such that g and
gp
u
are conjugate in G. It follows that for any n ≥ 1 there exists m ≥ 1 such that g
and gnm are conjugate in G; in particular, g has in2nite order and no power gn; n ≥ 1,
can be central in G. Hence, the image Mg = gN of g in MG = G=N has in2nite order.
Since Mg and Mg p
u
are, of course, conjugate in MG for any prime p (with u=u(p)¿ 0 as
I. Emmanouil / Journal of Pure and Applied Algebra 163 (2001) 159–171 167
above), one can show as in the proof of [6, Theorem 3:7] that the cohomology class
( Mg; MG) classifying the extension
1→ Z Mg→C MG( Mg)→ C MG( Mg)=〈 Mg〉 → 1
is rationally nilpotent. Being a pullback of that class, (g; G) is rationally nilpotent as
well (Remark 1.3); this is a contradiction, in view of [6, Corollaries 2:4 and 3:3].
The proof of (ii) is similar. Indeed, if the Hattori–Stallings rank of a 2nitely gen-
erated projective CG-module takes a non-zero value on some g ∈ G \ {1}, then
[1, Theorem 8:1(c)] shows that for all but 2nitely many primes p there exists u =
u(p)¿ 0 such that g and gp
u
are conjugate in G. It follows for any n ≥ 1 and any
such prime p, the elements gn and gnp
u
(with u = u(p)¿ 0 as above) are conjugate
in G; in particular, gn cannot be central in G. It follows that the image Mg=gN of g in
MG = G=N has in2nite order. Since G=N ∈ C, it follows as above that the cohomology
class (g; G) is rationally nilpotent and this is a contradiction. Therefore, the Hattori–
Stallings rank of 2nitely generated projective CG-modules vanishes on non-identity
elements. The special case of modules of the form CG · e, where e is an idempotent
in CG, shows that G satis2es the idempotent conjecture (cf. [6, Corollary 4:3]).
4. Some properties of RC
Since RC contains C as a proper subclass (Remark 3.6), one may expect that it
behaves better than C with respect to group theoretic operations. In fact, RC enjoys
closure properties analogous to the ones C does, but is not closed under extensions
either. In this 2nal section, we give an example of a 2nitely generated group which
is an extension of groups in C, but is not contained in RC. The construction will be
based on an example of Hall [7].
We begin by stating certain closure properties satis2ed by RC; these are direct
consequences of the corresponding properties satis2es by C.
Proposition 4.1. The class RC is closed under:
(i) subgroups;
(ii) direct products and
(iii) free products.
Proof. Since RC consists of those groups that can be embedded in a direct product
of groups in C, it is clear that RC is closed under subgroups and direct products.
In order to show that RC is closed under free products, let A; B ∈ RC and consider
g ∈ A ∗ B; g = 1. Let A :A ∗ B→ A be the group homomorphism given by A(a) = a
for a ∈ A and A(b) = 1 for b ∈ B. If A(g) = 1 there exists a group homomorphism
’ :A → A′ with A′ ∈ C, such that A(g) ∈ ker’. Then, g is not contained in the
kernel of ’ ◦ A. We argue similarly if B(g) = 1, where B :A ∗ B → B is the group
homomorphism which maps A onto {1}⊆B and B identically onto itself. Now assume
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that g ∈ ker A ∩ ker B. Then [10, Chapter 1, Proposition 4] shows that g is contained
in the subgroup of A ∗B that is freely generated by the set of commutators {[a; b]: a ∈
A \ {1}; b ∈ B \ {1}}. Therefore, g can be written in the form ∏ni=1 [ai; bi]ti , where
n ≥ 1; ti ∈ Z; ai ∈ A \ {1}; bi ∈ B \ {1} for i = 1; : : : ; n and (ai−1; bi−1) = (ai; bi) for
i=2; : : : ; n. Since C is closed under direct products, there exist group homomorphisms
) :A→ A′ and * :B→ B′
with A′; B′∈C, such that )(ai) = 1; *(bi) = 1 for i = 1; : : : ; n and ()(ai−1); *(bi−1)) =
()(ai); *(bi)) for i = 2; : : : ; n. Then, A′ ∗ B′ ∈ C, while the group homomorphism
) ∗ * :A ∗ B→ A′ ∗ B′
maps g onto
∏n
i=1 [)(ai); *(bi)]
ti = 1 [10].
It follows by induction that the free product of 2nitely many groups in RC is itself
contained in RC. Now consider a family (Gi)i∈I of groups in RC and let G= ∗i∈I Gi
be their free product. In order to show that G ∈ RC, let g ∈ G \ {1}. Then, there
is a 2nite subset I ′⊆ I such that g ∈ G′ = ∗i∈I ′ Gi. Since G′ ∈ RC, there is a group
homomorphism
’ :G′ → H
such that H ∈ C and g ∈ ker’. We note that G = G′ ∗ (∗i∈I\I ′ Gi) and let
 :G → G′
be the group homomorphism which maps G′ identically onto itself and is trivial on
Gi; i ∈ I \ I ′. Then, ’((g)) = ’(g) = 1 and hence g ∈ ker (’ ◦ ).
We now describe Hall’s example (cf. [7]). Let V be a vector space over Q with
a countable basis {vi: i ∈ Z} and (pi)i∈Z an enumeration of all primes. Consider the
subgroup  of AutQ(V ) generated by x and y, where x(vi)=vi+1 and y(vi)=pivi; i ∈ Z.
Finally, let H be the semi-direct product of V and . Then:
(i) The normal subgroup of  generated by y is free abelian with basis {x−nyxn: n ∈
Z}, while the corresponding quotient is in2nite cyclic generated by the class of
x. 4 In particular,  is a 2nitely generated torsion-free metabelian group.
(ii) V has no proper non-trivial -invariant subgroup. Therefore, V EH is a minimal
non-trivial normal subgroup of H. It follows that if N E H is any normal
subgroup then we have N ∩ V = {1} or V ⊆N .
(iii) If v ∈ V \{0} then the isotropy subgroup {. ∈ : .(v)= v} is trivial. This implies
that the centralizer CH(v) of v in H is equal to V .
(iv) H is 2nitely generated; in fact, it can be generated by x; y and v0.
Lemma 4.2. The group H constructed above is contained in C.
4 It follows that  is isomorphic to the group  de2ned in Section 2.
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Proof. Let h ∈ H \ {1}. Assume 2rst that h = v ∈ V . Then, CH(v) = V and hence
(v;H) classi2es the extension
1→ Z v→V → V=〈v〉 → 1:
But V is abelian and hence (v;H) is rationally trivial, i.e. (v;H)Q=0 ∈ H 2(V=〈v〉;Q).
Now assume that h ∈ V . Then, the image Mh = hV of h in the torsion-free group
H=V =  is non-trivial and hence has in2nite order. The cohomology class ( Mh; )
classifying the central extension
1→ Z Mh→C( Mh)→ C( Mh)=〈 Mh〉 → 1
is rationally nilpotent, since the 2nitely generated metabelian group  is contained in
C. Being a pullback of that class, (h;H) is rationally nilpotent as well (Remark 1.3).
Using Hall’s group H, we shall now construct a group that is not contained in RC.
To that end, let  be a 2nitely generated metabelian group such that there exists an
element  ∈ H 2(;Q) that is not nilpotent in the cohomology ring H•(;Q) (such a
pair (; ) exists by Proposition 2.1). Let  classify the central extension
1→ Q —→G →  → 1:
Observation 4.3. For subsequent use, we note that the cohomology class (—(1); G)
classifying the central extension
1→ Z —(1)−−−→G → G=〈—(1)〉 → 1
is not rationally nilpotent; this follows invoking Corollary 1.2.
Let f : Q→ V be the map q → qv0; q ∈ Q, and consider the following commutative
diagram of central extensions, which de2nes the pair (G′; )):
1 → Q —→ G →  → 1;
f ↓ )↓ ||
1 → V → G′ →  → 1:
(3)
We now consider the amalgamated free product K = G′ ∗V H of G′ and H along
their common (normal) subgroup V . The group K has the following properties:
(a) K is 2nitely generated. Indeed, let g′1; : : : ; g
′
n ∈ G′ map onto a set of generators
!1; : : : ; !n of . Since H can be generated by x; y and v0, it follows that the n+3
elements g′1; : : : ; g
′
n; x; y; v0 generate K .
(b) V is a normal subgroup of K ; in fact, V is the normal subgroup generated by v0.
Moreover, the quotient K=V=(G′∗VH)=V is isomorphic to (G′=V )∗(H=V )=∗.
(c) If N E K is a normal subgroup of K then N ∩ V = 1 or V ⊆N . Indeed, N ∩H
is a normal subgroup of H and hence N ∩ V = (N ∩H)∩ V = 1 or V ⊆N ∩H.
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Proposition 4.4. Let K be the 4nitely generated group constructed above. Then:
(i) K is the amalgamated free product of two groups in RC along a common
subgroup of theirs;
(ii) K is an extension of a group in C by a torsion-free abelian group and
(iii) K ∈ RC.
Proof. By construction, K is the amalgamated free product of G′ and H along V .
The group G′ is a central extension of the 2nitely generated metabelian group  ∈ C
by the torsion-free abelian group V (cf. (3)); hence, we may invoke Corollary 3.5
and conclude that G′ ∈ RC. Since H is contained in C by Lemma 4.2, K satis2es
condition (i).
The 2nitely generated metabelian groups  and  are contained in C, which is
closed under free products; therefore,  ∗ ∈ C. Since K is an extension of  ∗ by
V (by property (b) above), K satis2es condition (ii).
Finally, we show that K is not residually contained in C. Assume on the contrary that
K ∈ RC. Then, there would exist a normal subgroup N E K such that MK = K=N ∈ C
and v0 ∈ N . Since V ∩ N = 1 by property (c) above, the element v0 = v0N ∈ MK
has in2nite order. Since MK ∈ C, the cohomology class (v0; MK) classifying the central
extension
1→ Z v0−−−→C MK (v0)→ C MK (v0)=〈v0〉 → 1
is rationally nilpotent. We now consider the morphism of central extensions
1 → Z —(1)−−−−−→ G → G=〈—(1)〉 → 1;
|| * ↓ ↓
1 → Z v0−−−−−→ C MK (v0) → C MK (v0)=〈v0〉 → 1:
where * is de2ned so that the composition G *→C MK (v0) ,→ MK coincides with the in-
clusion G )→G′ ,→ K followed by the canonical projection onto MK . This morphism of
extensions shows that (—(1); G) is the pullback of a rationally nilpotent cohomology
class; therefore, (—(1); G) must be rationally nilpotent as well (Remark 1.3). This
contradicts Observation 4:3 and proves that K ∈ RC.
Remark 4.5. (i) Proposition 4.4 shows that RC is not closed under amalgamated
free products; this should be contrasted with Proposition 4.1(iii). Since abelian groups
are contained in C, we also conclude that an extension of groups in C need not be
contained in RC (this strengthens the observation made in Remark 3.3). In particular,
RC is not closed under extensions.
(ii) Proposition 4.4 shows that an extension of a group in C by a torsion-free abelian
group may not be contained in RC; this should be contrasted with Corollary 3.5.
(iii) Linnell has proved [8, Lemma 4:1] that if K is a 2nitely generated group
which does not satisfy Bass’ conjecture, then there is an embedding ’ : Q → K such
that:
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(a) ’(Q) is contained in 2nitely many K-conjugacy classes and
(b) for any prime number p there exists an integer u=u(p)¿ 0 such that ’(1) and
’(pu) are conjugate in K .
An embedding ’ with these two properties exists for the group K that was con-
structed above. Therefore, one cannot prove whether that group satis2es Bass’ conjec-
ture using either Linnell’s result or the cyclic homology approach.
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